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Numerous studies suggest that while multiple-choice (MC) and constructed-response (CR) items

for the most part measure the same construct, a residual local dependence among CR items producing
multidimensionality can be observed in mixed-format tests. The main aim of this study was to investi-
gate the existence of format-related multidimensionality in a standardized math test administered as
part of the Italian statewide educational assessment program implemented by INVALSI in 2012. Work-
ing within the framework of Item Response Theory (IRT), we tested the hypothesis that a bidimen-
sional compensatory IRT model letting MC and CR items load on a common latent dimension, and the
CR items additionally load on an a secondary dimension would be more appropriate than a unidimen-
sional model for the examined test. The existence of a secondary CR ability dimension was not fully

supported by the results. Specific considerations for practitioners and future research are presented.
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The concomitant inclusion of multiple-choice (MC) items and constructed-response (CR)
items in standardized tests is common practice in large-scale educational assessment programs.
Many researchers and practitioners claim that this testing strategy offers several advantages over
assessments based on MC items only. Within the context of Bloom’s well-known Taxonomy of
Learning Goals (Bloom, Engelhart, Furst, Hill, & Krathwohl, 1956), criticism concerning the use
of MC-based assessment has been mostly related to the supposed inability of such format to elicit
cognitive skills beyond the knowledge level (Boodoo, 1993). Recent findings however suggest
that MC items can also be designed to tap higher level processes (Hancock, 1994; Simkin &
Kuechler, 2005). Still, it is a widely shared belief that due to their generally higher complexity
and by emphasizing divergent production abilities, CR items test a deeper understanding of the
subject material (Martinez, 1999). Recently, Kuechler and Simkin (2010) reported findings sup-
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porting this belief: when comparing examinees’ performances on MC and CR items designed to
assess proficiency on the subject at the same cognitive level, the authors found that the proce-
dural knowledge recalled by the CR questions was generally more sophisticated than the simple
facts recalled to answer the MC questions. The use of CR questions is also expected to reduce the
impact of item-guessing strategies, which in turn represent one of the major practical drawbacks
related to the use of MC items, in spite of their relatively shorter administration time and easiness
of scoring (Ercikan et al., 1998; Zimmerman & Williams, 2003).

When both MC and CR items are included in the same test, however, specific measurement
issues may emerge. Concerning measurement invariance, significant differences in item functioning
across genders have been reported when comparing MC and CR items, although varying in size and
direction across age groups (Wilson & Zhang, 1998). Findings indicate the existence of a gender-
guessing interaction effect favoring male examinees on MC items (Ben-Shakhar & Sinai, 1991;
Walstad & Robinson, 1997), while CR tend to favor female examinees (Arthur & Everaert, 2012;
DeMars, 2000; Ghorpade & Lackritz, 1998). When CR items are designed as extended open-ended
questions (as in contrast to short-answer CR items), differential item functioning has also been
shown to emerge when comparing groups characterized by different levels of writing proficiency
(Walker & Beretvas, 2001). Differential performances across item formats emerged even when
comparing students with different levels of proficiency on the assessed domain (Wang, 2002).

Findings concerning the dimensionality characteristics of composite tests are mixed. Early
studies are consistent in describing the constructs underlying MC and CR items as nearly over-
lapping (Bennett, Rock, & Wang, 1991; Bridgeman, 1991; Wainer & Thissen, 1993). Findings
from later studies, on the other side, suggest that while MC and CR items for the most part meas-
ure the same construct, a residual local dependence among CR items producing multidimension-
ality can be present in mixed-format tests (Ercikan et al. 1998; Lissitz, Hou, & Slater, 2012;
Manhart, 1996; Perkhounkova & Dunbar, 1999; Thissen, Wainer, & Wang, 1994; Walker & Be-
retvas, 2003). Moreover, construct equivalence between the MC and CR format specific dimen-
sions have been shown to increase when MC and CR items are designed to be stem and content
equivalent, and to decrease when CR items are presented as essay questions as opposed to short-
answer CR (Rodriguez, 2003). In standard testing practice, however, MC and CR items are often
purposely designed to assess examinees’ knowledge on different content domains and cognitive
levels, rendering those strict indications difficult, if not impossible, to comply with.

Still, mixed-format achievement tests are commonly intended by test designers to meas-
ure single unidimensional constructs; accordingly, examinees’ responses on the tests are then
scored as to provide a single measure of proficiency. When the unidimensionality assumption is
not fully met by the test, however, such measure does not represent a reliable index of student’s
proficiency on the targeted construct. Still, public institutions usually analyze aggregate distribu-
tions of these measures to inform policymakers’ decision process. Hence, it is paramount to en-
sure that the measurement process is psychometrically sound.

In this view, the main aim of the present study was to investigate the presence of multidi-
mensionality related to item format in a standardized test for the assessment of mathematical profi-
ciency. The test was administered in the context of the Italian statewide assessment program de-
signed and implemented by the Italian National Institute for the Evaluation of the Education System
(INVALSI), as part of the compulsory final examination, which marks Italian 8th graders’ passage
from first- to second-grade secondary education. The test includes non-stem-equivalent MC and CR
items designed to assess students’ knowledge on multiple math contents domains. However, IN-
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VALSI does not provide any documentation concerning the dimensionality of the test. Analyses
conducted on previous examinations (2008-2011) indicated the presence of minor violations of
Rasch unidimensionality in the INVALSI math tests due to the inclusion of mixed-item response
formats (Miceli, Marengo, Molinengo, & Settanni, 2015). The present study further explores this
subject by operating within the framework of Item response Theory (IRT). Our hypothesis is that
a bidimensional compensatory IRT model letting MC and CR items load on a common latent di-
mension while the CR items additionally load on a second auxiliary dimension, may be more ap-
propriate for the examined test than a unidimensional IRT model.

As a secondary aim, we investigated the relationship between, respectively, the primary
math ability and secondary CR ability as modeled with the bidimensional model and a set of
relevant grouping variables — that is, gender, citizenship status, and regularity in studies. The
presence of relevant discrepancies in the relationship between the grouping variables and stu-
dents’ ability estimates across the two dimensions would represent a significant indication of the
distinctiveness of the secondary CR dimension compared to the primary math ability, further
supporting the appropriateness for the examined test of the proposed bidimensional model.

As a third and final aim, we investigated the impact of format-related multidimensional-
ity on the adequacy of the unidimensional model in the categorization of students in different
proficiency levels. More specifically, we examined the degree of concordance between two pro-
ficiency classifications as based respectively on the ability estimates distributions for the unidi-
mensional model and the main (MC + CR) dimension of the bidimensional model. The existence
of a low degree of concordance across classifications would suggest the need to revise the test
scoring procedure in order to account for local dependencies on the responses to CR items.

METHOD
Participants and Procedure

Data used in this study concern a sample of the 8th grade student population which un-
dertook the INVALSI standardized tests in the year 2012 in their basic unedited versions and
with no extra time added for test completion (N = 519003). The INVALSI tests are norm-
referenced assessments designed to assess Italian 8th grade students’ proficiency in mathematics
and reading. We obtained source data by filling in an online request through the INVALSI insti-
tutional website. Due to sample-size limitation of the employed version of the ConQuest soft-
ware, analyses were performed on a random sample of 3000 examinees obtained by stratifying
the student population on gender (49.6% female), citizenship status (90.4% Italian), regularity in
studies (89.2% regular students), and macro-area of residence (44.1% Northern Italy area; 18.9%
Central Italy area; 37.0% Southern Italy area). For the purpose of this study, responses from stu-
dents requiring special accommodations for the test (e.g., visually impaired students, student with
intellectual or specific learning disabilities) were not included in the analyses.

Instruments

In this study, we analyzed the mathematical component of the INVALSI 2012 test, which
is a mixed-format test assessing students’ proficiency on four different mathematical content do-
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mains: (a) numbers, (b) relationships and functions, (c) space and figures, (d) measurement and
predictions (INVALSI, 2012). Each item assesses student knowledge on a single math domain.
The test consists of 38 items' (21 MC items and 17 CR items). The proportion of the four math
content domains is balanced across the MC and CR subsets of the test. Two types of multiple-
choice items are included: 20 simple MC items (one correct option, three distracters) and one
multiple true-false (MTF) MC item (organized as bundles of four true-false items sharing a
common stimulus). Two types of CR items are included: 15 short-answer CR items (items that
require a short response, usually in numerical or graphical form) and two brief CR items (items
that require the student to provide both the solution to a problem and to explain/illustrate the
logic behind the provided solution). The INVALSI technical report about the test documents the
use of the Rasch model for the analysis of responses. However, an in-depth examination of valid-
ity is missing. In particular, INVALSI does not provide fit statistics for the obtained Rasch meas-
ures. In addition, INVALSI does not document analyses examining the dimensionality of the test.
An estimate of test reliability was provided by computing Cronbach’s alpha (o = .84).

For the purpose of this study, all items allowing partial credit scoring (i.e., MTF-MC and
brief CR items) were dichotomized prior to the analyses. As done by INVALSI, in order to con-
trol for potential violations of local independence of items sharing a common stimulus, the MTF-
MC item is scored 1 for a number of correct responses = 3, otherwise score is 0.

Data Analysis
Dimensionality Analyses

In this study, two alternative models of students’ responses on the test were implemented
and compared. Analyses were performed using the ConQuest 3.0 software (Adams, Wu,
Haldane, & Sun, 2012). By letting MC and CR items load on the same dimension, the unidimen-
sional Rasch model was firstly implemented on examinees’ response data to the test. As a second
step, a multidimensional random coefficient multinomial logit model (MRCMLM; Adams, Wilson,
& Wang, 1997) characterized by within-item dimensionality for the CR items was implemented.

The MRCMLM is a Rasch model belonging to the broader family of multidimensional
IRT (MIRT) models. In MIRT models characterized by within-item dimensionality (as opposed to
between-item dimensionality; Adams et al., 1997), the probability of a correct response to an item
is not conditional on a single ability variable 0, but on a vector 0 of k latent ability dimensions. In
MIRT modeling, the relationship between multiple abilities in predicting the probability of correct
response to an item can be either additive or multiplicative (Hartig & Hohler, 2009). When the
abilities necessary to answer an item are additive, MIRT models are called compensatory: this
means that a low ability in one dimension can be compensated by a high ability in a second di-
mension, and vice versa. When the relationship is multiplicative the models are usually defined as
non-compensatory, meaning that the probability of success will only approach one if all abilities
required for a particular item are high. Given a dichotomous response to item i, then, the following
formulation represents the item response function (IRF) for a MIRT compensatory model:

1
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where A; is a k x 1 vector of factor loadings and 9; is the location parameter for item 7 (i.e., the
item difficulty). If A; contains more than one nonzero loading, a low ability in one dimension re-
quired for an item i can be compensated by a high value in a second dimension, and vice versa. In
multidimensional Rasch models, such as the model implemented in the present study, all nonzero
elements of vector A; are fixed to one.

In this study, we implemented a bidimensional compensatory model by letting MC and
CR items load on a common main dimension and by letting CR items additionally load on an
auxiliary dimension nonorthogonal to the main dimension. Figure 1 shows the diagram for the
bidimensional model. The fit to the data of the unidimensional and bidimensional models was
compared by using the likelihood-ratio G” statistics test (Briggs & Wilson, 2003) and by examin-
ing both the Akaike information criterion (AIC; Akaike, 1974) and Bayesian information crite-
rion (BIC; Schwarz, 1978) information-based fit indices.

Primary
math ability

Secondary
CR ability

Xi

FIGURE 1
Diagram for the bidimensional within-item MIRT model for math ability.

In the estimation of both models, the mean of the item difficulty parameters was fixed to
0 for the purpose of model identification. Descriptive statistics for the item difficulty parameters
and fit statistics — that is, unweigthed (outfit) and weighted (infit) mean-square residuals statis-
tics (Wright & Masters, 1982; for cut-off values, see also Wright, Linacre, Gustafson, & Martin-
Lof, 1994) — and the person ability expected-a-posteriori (EAP; Bock & Mislevy, 1982) esti-
mates for both the models are documented. The latent structure underlying the bidimensional
model was further investigated by examining the correlation between the primary math ability
dimension and the secondary CR dimension. Finally, in order to evaluate the degree of consis-
tency of the estimated person and item parameters across the unidimensional model and the
bidimensional model, correlations between the obtained measures were also examined.

As a preliminary step to the dimensionality analyses, we performed two separate unidi-
mensional Rasch analyses on the MC and CR sections of the test. Reliability for the MC and CR
sections was respectively .68 and .73. The correlation between the EAP person ability estimates
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for the two sections was moderate (p = .62), suggesting the appropriateness of a more in-depth
examination of test dimensionality, in spite of the item fit statistics indicating substantial unidi-
mensionality when calibrating the full test to the Rasch model (see Table 2).

Group Ability Differences

Two multiple regression models were implemented to test the role of the examinees’
gender, citizenship status, and regularity in studies as predictors of the ability on the main (MC +
CR) and secondary (CR) ability EAP estimates as obtained by fitting the bidimensional model.
The variables were tested in the models by using the following dummy coding structure: gender,
citizenship status, and regularity in studies were coded as 0/1 respectively for male/female, re-
peating/regular student, and non-Italian/Italian. Consistently with the literature indicating differ-
ential performances on CR items when controlling for gender (DeMars, 1998, 2000; Taylor &
Lee, 2012), native/non-native speaker status (Ilich, 2013), and different levels of proficiency
(Wang, 2002), our specific hypothesis is that different patterns of ability differences could be
found across the two dimensions when controlling for the selected grouping variables.

Classification Analyses

In order to examine the agreement between the unidimensional and the bidimensional
models in discriminating between different levels of math proficiency, a tentative procedure for
the classification of students in proficiency levels is implemented in this study. More specifically,
two 4-level classifications of students were obtained on the standardized EAP ability scores for
the unidimensional model and the main dimension of the bidimensional model. The following
ability cut-points were used: (1) Poor: ability < —1 SD; (2) Low achieving: —1 SD < ability < 0;
(3) Proficient: 0 < ability < +1.00 SD; (4) Highly proficient: +1 SD < ability. The degree of
agreement between the two classifications was then evaluated using Cohen’s kappa coefficient.

Even though no explicit criteria for the classification of examinees in proficiency levels
are provided in the official documentation for the test, in the annual INVALSI report students’
ability distributions are compared across regional areas by taking four specific percentile cut-offs
as a reference — that is, the 5th, 25th, 75th, and 95th percentiles. As a means to further investi-
gate across-models agreement in the classification of students, two 5-level classifications were
obtained and compared by using these cut-off points on the EAP ability measures for the unidi-
mensional model and the main dimension of the bidimensional model.

RESULTS

Dimensionality Analyses

The model fit statistics for the unidimensional model and bidimensional model are pre-
sented in Table 1. For these two models, the difference in the deviances resulted in a X2 of 273.95
with three degrees of freedom; this is statistically significant at the .01 level indicating that by
implementing a bidimensional compensatory model on the data a significant but small increase in
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fit over the unidimensional model is obtained. Inspection of the AIC and BIC confirmed this in-
terpretation. Table 2 reports the descriptive statistics for item difficulty parameters and item fit
statistics as estimated implementing both models. As can be seen, fit statistics are in the range of
0.7-1.3 (Wright et al., 1994), indicating a good fit of both models. No relevant differences in es-
timated difficulty and fit to the model were observed across the models. Moreover, under both
models no significant differences in mean difficulty were observed when comparing the MC and
CR sections of the test — unidimensional model: F(1, 35) = 0.16, p =.69; bidimensional model:
F(1, 35) = 0.33, p = .57. Correlation between item difficulty parameters as estimated in the two
models was + .98 (p < .01), indicating a strong consistency across the models.

TABLE 1
Model fit statistics for the unidimensional and bidimensional model

Model Unidimensional model Bidimensional model
—2*]og likelihood 132265.53 131991.58
Parameters 38 41
G” LR Test Y'(3) =273.95, p < .01
AIC 132341.53 132073.58
BIC 132569.77 132319.84

Note. AIC = Akaike information criterion; BIC = Bayesian information criterion.

TABLE 2
Descriptives: Item difficulty estimates and fit statistics under the unidimensional
and the bidimensional model

Unidimensional model Bidimensional model
Difficulty Outfit Infit Difficulty Outfit Infit
M 0.00 0.99 1.00 0.00 1.03 1.02
Min -1.74 0.87 0.90 -1.66 0.91 0.92
Max 1.49 1.17 1.10 1.62 1.12 1.09
SD 0.86 0.07 0.05 0.87 0.04 0.03

Table 3 shows the descriptive and reliability statistics for students’ EAP ability estimates
as computed by ConQuest. The average ability as estimated using the unidimensional model was
+.08 logit (SD = 0.73); under the bidimensional model, the average ability on the main dimension
was —.05 logit (SD = 0.66), while for the secondary CR dimension was +.29 logit (SD = 0.28).
Compared to the variability in the dimension for the unidimensional model (6* = .63), a minor
change in variability is observed on the primary math dimension after the inclusion in the model
of the additional dimension for the CR items (o> = .55). However, compared to the latent dimen-
sion as modeled in the unidimensional model and with primary dimension of the bidimensional
model, the variability observed in the auxiliary CR dimension was very low (6° = .22), indicating
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the additional local dependency across CR items to be limited. Examination of the relationship
between the latent ability traits modeled with the bidimensional model revealed the CR auxiliary
dimension to be positively yet weakly correlated with the primary math ability dimension (+.22,
at p < .01). The correlation between the EAP ability estimates for the two dimensions was sig-
nificantly larger (p = +.60, at p < .01). Finally, the correlation between the EAP ability measures
for the unidimensional model and the primary dimension of the bidimensional model indicated
almost complete linearity between the measures (p = +.99, p < .01).

TABLE 3
Descriptives: EAP ability estimates under the unidimensional
and the bidimensional model

Min Max M SD  Reliability

Unidimensional model -1.94 2.19 .08 0.73 .83
Bidimensional model: Main dimension (MC + CR) -1.92 1.84 -.05 0.66 .78
Bidimensional model: Secondary dimension (CR) —0.58 1.22 .29 0.28 37

Group Ability Differences

Table 4 reports the result of the two regression models implemented to test the relation-
ship between students’ gender, citizenship status, and regularity in studies and their ability as es-
timated on the primary math dimension and the secondary CR dimension of the bidimensional
model. For both the models, the observed explanatory power was very limited (Adjusted R* <
.04). Still, significant but small effects were found for all the predictors for both the models.
More in detail, when controlling for gender, being female was found to predict lower ability es-
timates on both the dimensions, while being Italian and having a regular study track were found
to predict higher ability estimates on both the dimensions. Examination of the direction and size
of such effects revealed a similar pattern across the dimensions.

TABLE 4
Regression models: EAP ability estimates (bidimensional model) on gender,
regularity in study, and citizenship status (dummy coding)

Main (MC + CR) Secondary (CR)
B SE § B SE §
Intercept -0.37%  0.04 - +0.15*  0.02 -
Gender (1 = Female, 0 = Male) -0.13* 0.02 -0.10 -0.04* 0.01 -0.08

Regularity in studies (1 = Regular, 0 = Repeating) +0.20¥  0.04  +0.10 +0.10* 0.02  +0.08
Citizenship status (1 = Italian, O = Non-Italian) +0.23*  0.04 +0.10 +0.08*  0.02 +0.11
Adjusted R* (Cohen’s f?) .04 (.04) .03 (.04)

#p < .0L.
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Classification Analyses

The proficiency classifications obtained on the standardized scores as computed on the
ability measures for the unidimensional model and the primary dimension of the bidimensional
model are compared in Table 5. The kappa statistic for the two classifications was .91 (p < .01),
revealing a strong degree of agreement between the classifications. Consistently, the number of
examinees for which we found a discrepancy in classification across the models accounted for
only 6% of the sample: specifically, 4.3% of the examinees were categorized in a lower profi-
ciency level under the unidimensional model, while for 1.7% of them the opposite pattern was
observed. Comparable results (not reported in tables) emerged when comparing the 5-level clas-
sifications obtained using the 5th, 25th, 75th, and 95th percentiles as cut-off points on the ability
measures. Both the kappa statistic (k = .91, p < .01) and the existence of a very limited number of
misclassifications (4.37%) further indicated a strong agreement across the compared models in
the classification of students in different proficiency levels.

TABLE 5
Proficiency level classifications under the unidimensional model versus the first dimension
of the bidimensional model based on the standardized distributions of the ability estimates (N = 3000)

Classification based on bidimensional model

Level 1 Level 2 Level 3 Level 4

Level 1 457 37 0 0
(15.2%) (1.2%) (0.0%) (0.0%)
Level 2 18 1068 63 0
Classification based on (0.6%) (35.6%) (2.1%) (0.0%)
unidimensional model Level 3 0 18 813 31
eve 0.0%) (0.6%) (27.1%)  (1.0%)
Level 4 0 0 15 480
(0.0%) (0.0%) (0.5%) (16.0%)
DISCUSSION

The main aim of the present study was to investigate the existence of format-related mul-
tidimensionality in students’ responses to a mixed-format standardized math test administered in
Italy as part of the statewide INVALSI assessment program. Specifically, we hypothesized that
modeling students’ responses to the test by distinguishing between a primary math ability dimen-
sion related to both the MC and CR sections of the test and a secondary compensatory dimension
accounting for the presence of additional local dependencies across CR items would be more ap-
propriate for the examined test than a unidimensional modeling approach. In this study, however,
the existence of a secondary CR ability dimension was not fully supported by the results. An in-
crease in fit over the unidimensional model was observed when implementing the bidimensional
model on the data; under this model, a secondary CR dimension was found to be positively, yet
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weakly correlated with the primary math ability dimension. However, when compared to other
studies using the same modeling approach for format-related multidimensionality (Rauch & Har-
tig, 2010; Walker & Beretvas, 2003), the relatively low variability observed in the secondary CR
dimension suggests the violation of unidimensionality due to the inclusion of CR items to be neg-
ligible and ultimately does not justify the use of a multidimensional model for the current test. The
results of the classification analyses also support this interpretation. Specifically, we found a high
degree of concordance when comparing the proficiency classifications of students as obtained on
the ability estimates for the unidimensional model and the primary dimension of the bidimensional
model, resulting in only a very limited number of inconsistencies across the compared classifica-
tions. This finding indicates that the distortion introduced in the unidimensional classification by
not considering the residual local dependency existent among CR items is very limited; as a result,
a revision of the scoring procedure to account for format differences is not required for the exam-
ined test. Furthermore, the presence of a similar pattern of ability differences when comparing stu-
dents by gender, citizenship status, and regularity of studies on the primary math dimension and
the secondary CR dimension further suggested a general lack of distinctiveness in the performance
required by the CR items when compared to MC section of the examined test. Given the specific
characteristics of the CR items included in the examined test, our results appear to be in line with
findings reporting overall construct equivalence between the abilities assessed by CR and MC
items when CR items are mainly designed as short-answer items, as opposed to open-ended ques-
tions (Bacon, 2003; Bible, Simkin & Kuechler, 2008; Rodriguez, 2003).

Still, this study has several limitations. Due to the specific characteristics related to the data
collection design implemented by INVALSI for the 8th grade education level — that is, the lack of
a student questionnaire like those administered in the context of the PISA and TIMSS assessment
programs — relevant individual characteristics (e.g., students’ motivation, previous academic per-
formances in mathematics) were not considered in the present study. For this reason, we could not
examine further hypotheses concerning the nature of the construct underlying the secondary CR
dimension. Moreover, even though the MC and CR sections of the examined test were comparable
in terms of difficulty and investigated math content proportion, the existence of across-format dif-
ferences concerning the specific cognitive skills elicited by the items was not controlled. Further
research is needed to study (e.g., by implementing experimental designs) how the interaction be-
tween different cognitive requirements and item formats affects test dimensionality.

NOTE

1. Preliminary analyses revealed the scores on one item of the MC subset of the test (i.e., item El) to be
characterized by an extreme score in the extracted sample, that is, all examinees answered the item cor-
rectly. This is consistent with the documentation for the test, which indicates the item as extremely easy
compared to the rest of the test (INVALSI, 2012). As a result, the item was not included in subsequent
analyses, reducing the examined item-pool to 37 items.
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